The purpose of this paper is to extend the results of §4 of the author's paper [3, referred to as V] to Lp [0, l] for all p such that 1 <p< co. In general we shall use the notation and definitions of V, except that the functions considered here are of the form Tf in §4 of V. As is usual, we define q by l/p + l/q= 1. This shows that r(t) is strictly increasing; the inverse function s(t) of r(t) has the same properties.
It is easy to verify that U7lEtUT = Er(t); this equation together with the equation UEtU~1 = ET(,t) implies that UTU commutes with all £(. Lemma 2 then implies that U,U=Mk where k = k(x) is a bounded measurable function. Since UrU is an isometry, the function k(x) must satisfy |&(x)| !» 1; we have U= U7xMk. The functions s(x) and h(x)=k(s(x)) are the functions whose existence was asserted by the theorem; a simple calculation shows that U= U71Mk = MhU, as promised. It is now an easy matter to verify (3) ; the computation needed for this purpose is similar to that needed to establish the converse of the theorem.
We state next the analog of Theorem 5 of V; the formulas and proof are changed due to the presence of the constant a in our present context, and to the arbitrariness of p. The function h(x) is determined by defining
Po(x, y) = (y -x)m~1aG0(x, y)
by TFa= U7xTfUt where Go = Ho+iK0 for real H0 and K0 and setting h(x) =exp(( -i/c)foK0x(u, u)du).
Proof.
If r and h are defined as described and if we set TFl = (AIhUri)TF(MhUr1)~1 then Px does indeed satisfy (4). Thus every TF is isometric with Tfl, where F% has form (4). To show uniqueness, suppose that F{= (y -x)mi~1aiGi (i=l, 2) are both of form (4) and that Tfx is isometrically equivalent to TF%= t/Pj^cT-1. Then (3) implies that Pi and F2 are related by the following equation:
where the functions h and s are as in (a) and (b) of Theorem 2. On letting y -x approach zero we see that mi = m2 -m and that
since l/p + l/q+m -1 =m. Equation (5) implies that ai = a2 -a since Gi(x, x)=c,>0; we next observe that (5) also implies that s(x)=x and that Ci = c2 = c. Equation if we write Gj = Hj-\-iKj for real Hj and K¡ (/= 1, 2). Our hypotheses imply that H¡(x, x)=c and that K¡(x, x)-K¡x(x, x)=KJV(x, x) = 0 (j=l, 2) and also that h(x) =exp(ik(x)) for real k(x) is differentiable. Differentiation of (6) and setting x = y yields h(x)H2x(x, x) = ch'(x)-\-h(x)IIix(x, x) so that h'/h = ik' = l/c(H2x(x, x)-Hix(x, x)). But the last expression is real so that ß' = 0, and h is constant. We finally arrive at Gi = G2: If two functions Observe that if our functions F belong to D, then the similarity invariants of Tf, viz., m, a, and c, enter directly into the formulation of the isometry invariants (see V and [4] for similarity invariants). The "canonical functions" Pi as given by (4) are the same for all p; however a given Tf will have as its "canonical form" P^ a transformation which in general does depend on p. If, for example, F(x, y)
